On ray theory in the context of continuum mechanics:
Constitutive equations as inverse problem in seismology

presented by
Michael A. SlawinskKi
Memorial University, Canada

A scientific meeting in honour of C.H. Chapman
Cambridge, May 2007 @E‘éimechanics



This presentation is a summary of:

—Bona, A., Bucataru, 1., Slawinski, M. (in revision) Elasticity
parameters from fraveltime and polarization measurements.
Journal of Applied Geophysics.

—Bona, A., Bucataru, I., Slawinski, M. (in press) Coordinate-free
characterization of elasticity tensor. Journal of Elasticity.

—Bona, A., Bucataru, I., Slawinski, M.A. (in press) Material
symmeftries versus wavefront and polarization symmeftries. The
Quarterly Journal of Mechanics and Applied Mathematics.

—Bona, A., Bucataru, 1., Slawinski, M.A. (2004) Material symmetries
of elasticity tensor. The Quarterly Journal of Mechanics and

Applied Mathematics: 57, 583-598.

—Bona, A., Bucataru, I., Slawinski, M. (2004) Characterization of

elasticity-tensor symmetries using SU(2). Journal of Elasticity: 75,
267 - 289.



Equations of motion
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High-frequency (asymptotic) _ |
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a;jkl P jPlAT(P) = m(P)A;ﬂ(P)

aijupipiA7(p)AT(p) = H"(p) since [[A™(p)| = 1

M= aijklPlAT(P)A?(P) =T(A"(p))p

}@Hm
2 0p

p=T" (AT)A" Xi =







2.009 0.636 0.609 0.136 —0.009-0.052
» 0.636 2.535 0.360 —0.067 0.128 —0.593‘50
3 101055 0.609 0.360 2.516 —0.295—0.512 0'3057‘??Nm2
" 0.136 —0.067-0.295 1.756 0.192 —o.ogé
#_0.009 0.128 —0.512 0.192 1.977 0.032
~0.052-0.593 0.305 —0.097 0.032 2.077

(@)

Ci1112  Ci122 C1133 \/§C1123\/§C1113\/§C11120
. C1122  Cp222  Cp233 v/ 2C2223v/ 2C2213v/ 2C221
C . G133 S Coss (e v/2C3323v/2C3313v/ 2C331
v V/2C1123V/ 2C2223v/ 2C3323 2C2323 2C2313 2C2312
#/2C1113v/2C2213v/2C3313 2C2313  2C1313 2C1312
V2C1112V/2C2212v/ 2C3312 2C2312 2C1312  2C1212

SSSSSISS

Chapman, C. (2004) Fundamentals of seismic wave propagation: Cambridge, pp. 90 - 93



Intrinsic/orthogonal-transformation symmetries

even-rank tensor: c(VwWYy,2)=c(! vI w!y! 2z = 1|" G, #c
)
we consider SQ3) instead of O(3)

Hermans theorem (1945):

If an r-rank tensor is invariant under a rotation by an angle

smaller than 2! /r about a given axis, then it is invariant
under any rotation about this axis.



Material symmeitries

c(V,W,Y,Z) = C(AV,AW,AY,AZ) |  Ciji = CrngpAmiAnjAokApl

Al O(3), orthogonal transformation

we denote the group of all symmetries of c by G..

Two elasticity tensors, ¢i and ¢, belong to the same symmetry

class if their symmetry groups G., and G, are conjugate, i.e.
if there exists B in O(3) such that BG.B' = G...



Voigt and dilatation fensors
Vij = Cikjk

Dijj = cijkk
Symmetry group of V: Gy ={A € SO(3) |A'VA=V}
Symmetry group of D: Gp= {A € SO(3) | A"DA = D}

G(;CGV/\G(;CGD == GCcGVHGD

Note: we denote the tensors and corresponding matrices by
the same letter; we do not distinguish between covariant and
contravariant vectors.

A € SO(3)is a symmetry of a second-rank tensor if and only if
A preserves all the eigenspaces of the associated matrix; we
associate the tensor and the matrix via the scalar product:

| a; I'p" = L(a,b)
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Symmetries of symmetric 3x3 matrices

A symmetric 3x3 matrix, !, can have the following symmeftries,
which depend on ifs eigenvalues:

@ 1l eI ED" the symmetries preserve the eigenspaces
given by g, &, €;3:

G! :{AI SO(B) |A€l‘:'|_'€,'} :{I," Mei}

@1,=1,413= the symmeftries preserve the eigenspaces given
by ae +be and es:
Gy ={A! SO(3) | Aez ==*e3, Ae; = aje1+bies} ={I[,R.)""}

@ !1=!2=!3= the symmetries preserve the entire space
Ge = SO(3)
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Possible symmetries of C

@ intersections of any eigenspace of V with any eigenspace of D are
zero-dimensional ! Gy" Gp=1; cis GENERALLY ANISOTROPIC

@ any intersection of any eigenspace of V with any eigenspace of D
is one-dimensional

O eigenspaces of V and D have in common only single one-
dimensional space{€s}in, = G.Cc GyNGp={I,-M,.}
c is “at most” MONOCLINIC

D all eigenspaces of V and D are common
! GC" G\/#GD:{I7$M817$M927$Me3}
c is "at most” ORTHOTROPIC
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@ intersection of an eigenspace of V with an eigenspace of D

is two-dimensional; hence, there is a common one-dimensional
eigenspace {&}in, ! G." Gy#Gp={A%$ 0(3) | Aes=e3} = 0(2)
- Hermans theorem : the following possibilities:

0 G.! SO(2)
¢ is “at most” TRANSVERSELY ISOTROPIC

N GC €3 {I ’ Ri! /2,635 R:I:! 639 _MU" 7" = {1727374}}
c is "at most” TETRAGONAL

u GCI {I1Ri-27t/3,e31" MUQ,OC# {112’3}}
c is "at most” TRIGONAL

u (;cI {IaR! ,637" M€17" Mez}
c is “at most” ORTHOTROPIC
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@ intersection of the eigenspaces of V and D is three-
dimensional ! G." Gy# Gp=S0(3)

0 G! {A" SO(3) | Ae) = +ej}
c is “at most” CUBIC

0 G.! SO(3)
c is “at most” ISOTROPIC

There are eight possible material-symmetry classes
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Eight possible material-symmeitry classes

Isot oplc
»Cublc
Trlgonal Te’rragonal
Monocllnlc — — Orthotropic

|

Anisotropic
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Eigenspaces of C

We define the eigenspaces of C by
Cijkl€ki = AE; j

A'is a symmetry of c if and only if it preserves all the
eigenspaces of C.

Eigentensor ! is described by its eigenvalues and
corresponding eigenvectors.

Since any a! is also an eigenvector and eigenvalues of a!
are multiples of eigenvalues of !, we study ! : quotients of
eigenvalues, which are invariant.
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Group action

We need to define the action of SO(3) on R® such
that it preserves the action of SO(3) on R’

SO(3) x Ly (R% —- L, (R®)

!!F[ |F

SO(6)! RO"# RS
equivalently: ! (A)(F("x)) = F A"4AT

4
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Example

2.009 0.636 0.609 0.136 —0.009—0.052

« 0.636 2.535 0.360 —0.067 0.128 —0.59£j)
101055 0.609 0.360 2.516 —0.295-0.512 0.305

+ 0.136 —0.067—-0.295 1.756 0.192 —0.09
#_-0.009 0.128 —0.512 0.192 1.977 0.032
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—0.052-0.593 0.305 —-0.097 0.032 2.077

1,= 35131 ,=2.067!5=2930!,= 1.760! 5= 1.300,! s = 1.300

[ 0.489
—0.604
—0.585

0.093
0.162

0.140

[ 0.416
0.029
—0.045
—0.363
—0.629

| —0.545]

[ 0.440
—0.486
—0.530

0.216
0.375

—0.541
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[ 0.306 |
—0.306
0
0.750
—0.433

| —0.250]

[ —0.100
0.501
~0.401
0.163
—0.472

| 0.573 |

[ 0.694 |
—0.231
—0.463
—0.472
—0.164

0




1 0.489 0.099 0.114 |
0.099 ! 0.604 0.066
0.114 0.066 ! 0.585

104161 0.385 ! 0.445
Y =a, ! 0385 0.029 ! 0.257%
1 0.445 1 0.257 ! 0.045

' 0.044 —0.383 0.265
—0.383 0.486 0.153
| 0.260 0.153 —0.530

0306 ! 0.177 ! 0306
l,—a, ! 0.177 ! 0.306 0.530 $
1 0.306 0.530 O

' _0.1000.405-0.334
' 0.405 0.501 0.1169

X3 =ag

l 5= a5

~0.3340.116 -0.401

[ 0.694 0 !0.116
+ ag 0 10.231! 0.334

10.116 1 0.334 1 0.463

—0.661
—0.661

1 0.356
1 0.935

0.707
—0.707
0

—0.707
0.707

0
Y1

—0.433,—0.250,0.866]
0.500,! 0.866,0]
1 0.750,! 0.433! 0.500

1 0.750! 0.433! 0.500
0.008 —0.762,0.648
0.661, —0.482, —0.575]

0.500,! 0.866,0]
0.433,0.250,! 0.866]
0.750,0.433,0.500]

0.047, —0.789,0.612]
0.659 —0.436,—0.612)

0.750,0.433,0.500

0.597,—0.272.0.754
0.466,0.885, —0.047]

1 0.655,0.378,0.655]

0.067,0.573,0.816
0.9930.039, —0.109

0.094, —0.818,0.567

—0.661/ —0.356 = 1.857



Identification of tetragonal c

@C has at most five distinct eigenvalues

d@eigentensors are such that
Dall matrices in ! 1and ! ; have two distinct eigenvalues
Dall matrices in | yand ! , have a common one-dimensional
eigenspace
Dall matrices in ! 3and ! 4 have a common zero eigenvalue and
the corresponding eigenspace is common with the one-
dimensional eigenspace of ! 1and ! >
Dall matrices in! ; have three distinct eigenvalues, the
corresponding eigenvectors are also eigenvectors for matrices
in | 1

Such an elasticity tensor has TETRAGONAL symmetry. The three

eigenvectors of a matrix in ! ; determine the natural basis of c.
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Relations among symmetry classes
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Future work

@ Experimental errors: Distance in the parameter space
between the measured values and symmetry classes

24



