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@ Seismic measurements of el asticity pa rameters

@ Determinat ion of the sym metr ies and their pl anes




Equd ions of motion

Caudy® equat ions of mot ion:

Hooke®cong itutive equat ion:

Elast odynamic equat ions for
homaogeneous Hookean media:




b : dof df
Characteristic equat ion: det aijk|a—)(i&! o =0
j

Lii(P) = aikji PP, p:="1
det! (p)L.I]=0

1 P

det ! (n)! —I =0 n= —
2 p? | p|

Thir d- degree polynomial in ptv hose roots we den ote by

p(n) =

V2 (n

1
™ (eikonal equat ion)

Py ="p.V,

(Hamilton® equat ions)




High-fr equencgy (asympg ot ic) _
Soutgn u(x,t) = €21 Ag(x) + Ay(x) (i)' *+ &4

Christoff el equat ion: aijk PiPiA = Ax

aiji P PIA](P) = H(P)AT(P)

a;jki Pj p|A?(p)Aim(p) = H™(p) since 1A"(p)|| = 1

' = ajupAT(P)AL(P) = ! (A"(p))p

p:| ! 1(Am)xm




Christoffel equation: ! (p)A™ = A™

L A™E)AT = AT

aijwMinor(! (AM) o Minor(! (A™)XMAD = (det! (A™))A"

Implicit equation for ajjunt erms of measured A"an d X"




~2.009 0.636 0.609 0.136 ! 0.009! 0.052°
» 0.636 2.535 0.360 ! 0.067 0.128 ! 0.59%"
C_ 101" 0.609 0.360 2.516 ! 0.295! 0.512 0.305%3

gw |

0.136 ! 0.067! 0.295 1.756 0.192 ! 0.09
#1 0.009 0.128 ! 0.512 0.192 1.977 0.032
1 0.052! 0.593 0.305 ! 0.097 0.032 2.077

Ci111  Ci122  Cri33 | 2C1123 2C1113 2C1112
C1122 Cz222 C2233 | 2C2223 2C2013 2C221

_ w C1133 | C2233 | Caz33  2C3323 2C3313 2C331
w | 2C1123 2C2223 2C3323 2C2323 2C2313 2C2312
#| 2C1113 2C2213 2C3313 202313 2C1313 2C1312
2C1112 2Cp212 2C3312 202312 2C1312 2C1212
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Intr insic/ ortho gonal-tr ansfor ma ion symmetr ies

even-rank tensa: c(vwy,z=c(! v w!ly!l2z : 11" G, #cC

we consider SQ3) instead of O(3)

Hermar®theorem (194%):

If an r-rank tensa is in variant u nder a r otation by an angle
smdler than 2x& bout a g iven axis, thenitis in variant
under any r otat ion about th is axis.




Mat erial symmetr ies

C(V7 W, Y, Z) = C(AV, AW7 Ay7 AZ) : Cijkl 7 CmnopAmiAnjAokApI
A € 0(3), orthogonal tr ansformaion

we denote the g roup of a Il symmetr ies of c by Ge..

Two elasticity t ensa's, ¢ and ¢, belong t o the same symmetr y

class if their sym metr y groups G, and G.a re conjugate, i.e.
if the re exists Bin O(3) such that BG.,.B' =. G.,




Voigt an d dilatat ion tensa's

Vij = Cikjk

Dij = Gijk
Symmetr y group of V: Gy = {A! SO(3) |A"VA = V}
Symmetr y group of D: Gp = {A€ SO(3) | A'TDA= D}

G.! Gy" G.! Gp # | G.! Gy$Gp

Note: we denote the t ensas and corresponding matr ices by
the same letter; we do not distinguish between covariant an d
contr avariant v ectors.

A! S0O(8)a sym metry of ase cond-ranktensaifandonlyif

A preserves all the eig enspaces of the a sscaciated matr ix; we

asscciate the t ensa and the matr ix via the s calar product:
{a; Hay = iia D)
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Symmetr ies of symmetr ic 3x3 matr ices

A symmetr ic 3x3 matr ix, g ¢ an have the f ollowing symmetr ies,
which depend on its eig envalues:

@ M7 A7 A3 7 Messym metr ies preser ve the eig enspaces
given by ey, 3,3

G = {AcSO(3) | Aq = +a} = {I,—Mg}

@ ,=1,715the sym metr ies preser ve the eig enspaces given
by ag+ ben de;
G ={A! SO3)|Aes==e3 Ag=ae +he} ={I,R ¢""}

@ !1="12="!3the sym metr ies preser ve the entire space
G = SO(3)




Possible symmetr ies of ¢

@ Intersections of an y eig enspace of Vwith an y eig enspace of D are
zero-dimensional = GyNGp;=1 cis GENERALKL ANISOTROPIC

@ any intersection of an y eig enspace of V with an y eig enspace of D
IS one- dimensional

D eigenspeces of V and D have in commaon only single one-
dimensional space{€stin ! G." Gy#Gp={I,$ M}
cis OamostOMONOCLINIC

D all eigenspaces of Vand D are commaon
cis OamostOORTHOTROPIC




@ intersection of an eig enspace of V with an eig enspace of D
IS tw 0- dimensional: hence, the re Is a c ommon one-dimensional
eigenspace,{€}in | G." Gy#Gp={A$ 03 | Ae;= &3} = SO(2)
- Hermar®theorem: the f ollowing possibilities:

0 G.! S0(2)
cis OamostOTRANSVERSEY. ISOTROPIC

0 GC| {IaRi!/Z,egaRi! ,637" MU"7" # {1727374}}
cis OamostOTETRAGONAL

0 Ge! {ILRi2 /30" Mu,” #{1,2,3}}
cis OamostOTRIGONAL

D GC| {l,RI ,637" Mel," Mez}
cis OamostOORTHOTROPIC




@ Intersection of the eig enspaces of Vand D is thr ee-
dimensional ! G:" Gy# Gp= SO(3)

0 Ge! ‘{A" SO§3) | A(e) = e}
cis OamostOCUBIC

0 G.! SO(3)
cis OamostOISO TROPIC

There are eight p ossible material-symmetr y classes




Eight p ossible mat erial-sym metr y classes

| sar oplc

Tr |gonal Tetr agonal

i Orthotr opic

I\/|onocI|n|c —

|

Anisatr opic




Eigenspaces of C

We debPne the eig enspaces of c by
Cijki€k = Agi]

Aisasymmetry of cifandonlyifitpreserves all the
eigenspaces of c.

Eigentensa !'is de scribed by its eig envalues and
corresponding eigenvectors.

Since any a'is a Iso an eigenvector and eigenvalues of al
are multiples of eig envalues of |, we s tudy !: quo tients of
eigenvalues, which are invariant.




Group action

We need t o debne the a ction of SO(3) n R°uc h
thatit p reserves the action of SO(3 n R®

SO)! Loy(R3)"# Loy(R

! xF‘ [F

0(6)! Ré"# RS
equivalently: ! (A)(F("x))=F A"AT

ALy AL Als | 2A12Ma3 | 2A11Aa3

A%1 A%z A%g | 2A22R23 | 2A01Az3

L AS o AR Ag 2A32As33 2A31As3
! 2A21A31 | 2A22A32 | 2A23A33 AooAzz+ Ao3Azr Ax1Azz+ AzAz1 Ax1Aze+ AxoAzy
| 2A1As1, 2A12As2 | 2A13Aes AroAas+ Arshsr AviAss+ Arssr AtiAsa+ AroPar
2A11A01  2A10A2  2A13A23 AroPAos+ ArsAor AriAos+ Arzhor A11A22+ A12A01 |

Chgoman, C (2004) Fundamentals of seismic wave propagat ion: Cambridge, pp. 90 -9 3
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Example

2,009 0.636 0.609 0.136 ! 0.009! 0.052

. 0.636 2.535 0.360 ! 0.067 0.128 ! 0593’;/0

C il 0.609 0.360 2.516 ! 0.295! 0.512 0305%) ‘>
» 0.136 ! 0.067! 0.295 1.756 0.192 ! 0.09

#1 0.009 0.128 ! 0.512 0.192 1.977 0032

1 0.052! 0.593 0.305 ! 0.097 0.032 2.077

= 3.513,1,= 2.067,! 3= 2.930,! , = 1.760,! s = 1.300,! ¢ = 1.300

b : ; T

10480 Al 0416F | 1 QG 8 0806 = e I0A00 . - 0.604
| ocsoﬁ « 0.029¢ ! 048% | 0306?) ! 05010/ .1 0.23
oy e

b
w1 058 |004ﬁ 11 053} f 104015(0 I0462%
" 0,093 % @21 | 0368 9" osz “4.. 0750 4(5

f as 01632f 95% 1 0.47
# 0.162 #1 0.62 # 0.375 #1 0.43 #1 0.47

0.140 1 0.545 1 0.541 ' 0.250 0.573

#' 016




1=

1 .0.489 0.099 0.114
' 0.099 ! 0.604 0.066%

0.114 0.066 ! 0.585

10416 0385 ! 0.445

a ! 0.385 0.029 ! 0.257%

1'0.445 1 0.257 ! 0.045

0.044 ! 0383 0.265

a; ! 0.383 0.486 0.153 3

25= as

+a6

- 0.306 ! 0.177! 0.306

10306 0.530 O

"1 .0.1000.405! 0.334
' 0.405 0.501 0.116%
| 0.3340.116! 0.401

0.265 0.153 ! 0.530

1 0.177! 0.306 0.530

0694 0 ! 0.116

0 ! 0.231! 0.334

1 0.116! 0.334! 0.463

—0.661
—0.661

1 0.356
1 0.935

0.252
0.252

! 0.433! 0.250,0.866]
0.500,! 0.866,0)
1 0.750,! 0.433! 0.500]

1 0.750,! 0.433! 0.500
0.008 —0.762,0.648
0.661,! 0.482! 0.575

0.707 [0.500,! 0.866,0]
| 0.707 [0.4330.250,! 0.866
0 0.750,0.433,0.500]

1 0.707 [0.047,! 0.789,0.612
0.707 [0.659,! 0.436,! 0.617

0 0.750,0.433,0.500

0.707 [0.597,! 0.2720.754
1 0.707 [0.466,0.885, —0.047]
0 1 0.655,0.378 0.655

1 0.707 [0.067,0.5730.816]
0.707 [0.9930.039 —0.109
0 0.094,! 0.8180.567

l;,="10.667"! 0.356=1.857




|dent iPcat ion of t etr agonal c

@C has at most bv e distinct eig envalues

deigentensas are such that
Dall matricesin !an d! jha ve tw o distinct eig envalues
Dall matrices in ! an d ! ha ve a commaon one-dimensional
eigenspace
Dall matricesin ! an d ! sha ve a common zero eigenvalue and
the c orresponding eigenspace is common with the o ne-
dimensional eigenspace of 'an d !,
Dall matr ices in ! Jha ve thr ee distinct eig envalues, the
corresponding eigenvectors are also eigenvectors for matr ices
in !,

Such an elasticity t ensa has TETRASONAL symmetr y. The thr ee

eigenvectors of a matrixin ! gle termine the natural b asis of c.




1=

a; ! 0.383 0.486 0.153 3

25= as

+a6

1 .0.489 0.099 0.114
' 0.099 ! 0.604 0.066%

10416 0385 ! 0.445
a ! 0.385 0.029 ! 0.257%
| 0.445 1 0.257 ! 0.045

- 0.306 ! 0.177! 0.306

—0.661
—0.661

1 0.356
1 0.935

0.252
0.252

0.114 0.066 ! 0.585

! 0.433! 0.250,0.866]
0.500,! 0.866,0)
1 0.750,! 0.433! 0.500]

1 0.750,! 0.433! 0.500
0.008 —0.762,0.648
0.661,! 0.482! 0.575

0.707
1 0.707

1 0.530 0

0.044 ! 0383 0.265

0.265 0.153

0.500,! 0.866,0]
0.4330.250,! 0.866
0.750,0.433,0.500]

1 0.707

1 0.177! 0.306 0.530 0.707

10306 0.5300 O/ e

"1 0.1000.405! 0.334
' 0.405 0.501 0.116%
| 0.3340.116! 0.401 0

0.707
1 .0.707

0694 0 10116 | 707
0 !0.231! 0.334 707
1 0.116! 0.334! 0.463 0

0.047,! 0.789,0.617
0.659,! 0.436,! 0.617
0.750,0.433,0.500]

0.597,! 0.2720.754
0.466,0.885,—0.047]
1 0.655,0.378 0.655

0.067,0.573,0.816]
0.9930.039 —0.109

0.094,! 0.8180.567

l;,="10.667"! 0.356=1.857




0500 0.4330.750 '
A="10.866 0.2500.433
0! 0.8660.500

.'. 3.13 0.2000.340 O 0
+0.2003.130.340 0 0
. 4on0.3400.3402.250 0 O
C=105aate iy b aa
#.0 200 ot 0" 1.2800
0 . 04 0 0 1750

0
0
0
0
0

tetr agonal medium




Relat ions amang symmetr y classes

Isotropic

Ap A,

St
1 98 Ay

()R:“m",_..- e op %
ORX =X =),7=1

¥, = 0 OR 1 h,z 0 , :
Trigonal = = Tr. Isotropic Tetragonal

v o . 4 B
{}'-,}j T {‘r;, }'j 1‘ i d {"":}i 11 1 . {)‘,'}i 1 T

Anisotropic - Monoclinic ‘ ; *  Orthotropic

{*}",}? 17 {’-“_,};21 {‘}'i}:} 1’ {Tj}f 1 {Ai}? 1’ h_?}; 1

: iy o=t ‘:.I'ﬂ ES ;’IH, .J'L‘i = )'Lﬁq T] = —
o :?\, HII'L i ..‘—""'-- }.2 e :‘3 i A4 : "If'l L2 2 i UR ..:'I.! = Ai"-’ Ad — )ﬁ.!:‘ "‘:f'] ==

1




Fuure work

@ Experimental errors: Distance between the m easured
parameters and symmetr y classes

@ Anelasticity : Symmetr y classes, Amplitu de measurements
(tr ansport equations)




