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Outl ine

 Seismic measurements of el ast icity pa rameters

 Deter minat ion of the sym metr ies and their pl anes 



Equat ions of mot ion
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Character ist ic equat ion:

Thir d-degree polynomial in    w hose roots we den ote byp2
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úxm
i = ai jkl plAm

J (p)Am
k (p) = ! (Am(p))p

p = ! ! 1(Am)ẋm

since

Christ off el equat ion:

High-fr equency (asympt ot ic) 
solut ion: u(x,t) = eiω f (x) !

A0(x) + A1(x)(iω)! 1 + ááá
"

ai jkl pi pjAl = Ak
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ai jkl pj plAm
j (p) = Hm(p)Am
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ai jkl pj plAm
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! (p)Am = Am

! (! ! 1(Am) úxm)Am = Am

Implicit equat ion f or      in t er ms of measured     an d           ai jkl Am úxm

Christ off el equat ion:
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C = 1010

!

"
"
"
"
"
"
#

2.009 0.636 0.609 0.136 ! 0.009! 0.052
0.636 2.535 0.360 ! 0.067 0.128 ! 0.593
0.609 0.360 2.516 ! 0.295! 0.512 0.305
0.136 ! 0.067! 0.295 1.756 0.192 ! 0.097

! 0.009 0.128 ! 0.512 0.192 1.977 0.032
! 0.052! 0.593 0.305 ! 0.097 0.032 2.077

$

%
%
%
%
%
%
&

Nm! 2

C =

!

"
"
"
"
"
"
"
#

c1111 c1122 c1133
!
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!

2c1113
!
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c1122 c2222 c2233
!

2c2223
!

2c2213
!

2c2212

c1133 c2233 c3333
!

2c3323
!

2c3313
!

2c3312!
2c1123

!
2c2223

!
2c3323 2c2323 2c2313 2c2312!

2c1113
!

2c2213
!

2c3313 2c2313 2c1313 2c1312!
2c1112

!
2c2212

!
2c3312 2c2312 2c1312 2c1212

$

%
%
%
%
%
%
%
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Intr insic/or thogonal-tr ansfor mat ion symmetr ies

c(v,w,y,z) = c(! v, ! w, ! y, ! z)even-rank t ensor:

we consider SO(3) instead of O(3)

Her manÕs theorem (1945):

If an r-r ank t ensor is in var iant u nder a r otat ion by an angle 
smaller than       a bout a g iven axis, then i t is in var iant 
under an y r otat ion about th is axis.                        

2π/r

!

! I " Gc, #c!
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Mater ial symmetr ies

Two elast icity t ensors, c1 and c2, belong t o the same symmetr y 
class if their sym metr y g roups        and      a re conjugate, i.e. 
if the re exists B in O(3) such tha t               .

we denote the g roup of a ll symmetr ies of c by Gc.

c(v,w,y,z) = c(Av,Aw,Ay,Az) ! ci jkl = cmnopAmiAnjAokApl

9

,   o r thogonal tr ansfor mat ionA ∈ O(3)

BGc1B
T = Gc2

Gc1 Gc2



Voigt an d dilatat ion t ensors 
Vi j = cik jk

Di j = ci jkk

Symmetr y g roup of V: 

Symmetr y g roup of D: 

Gc ! GV " Gc ! GD # Gc ! GV $ GD

A ! SO(3)           is a sym metr y of a se cond-r ank t ensor i f an d only i f  
A preser ves all the eig enspaces of the a ssociated matr ix; we 
associate the t ensor an d the matr ix vi a the s calar p roduct:       

Note: we denote the t ensors and cor responding matr ices by 
the same let t er; we do n ot dis t inguish between c ovar iant an d 
contr avar iant v ect ors.
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〈a, ! b〉 = ! (a,b)

GV = { A ! SO(3) | ATVA = V }

GD = {A∈ SO(3) | ATDA = D}



Symmetr ies of symmetr ic 3x3 matr ices

A symmetr ic 3x3 matr ix,   , c an have the f ollowing symmetr ies, 
which depend on its eig envalues:

                        the sym metr ies preser ve the eig enspaces 
given by         :  

                    the sym metr ies preser ve the eig enspaces given 
by            an d   : 

                    the sym metr ies preser ve the en t ire space

e1,e2,e3

λ1 != λ2 != λ3 != λ1⇒

! 1 = ! 2 != ! 3⇒

! 1 = ! 2 = ! 3 !
G! = SO(3)
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ae1 + be2 e3

G! = {A∈ SO(3) | Aei = ±ei} = {I ,−Mei}

ε

G! = { A ! SO(3) | Ae3 = ± e3, Aei = aie1+bie2} = { I ,R" ,e3" " }



 Possible symmetr ies of c

int er sect ions of an y eig enspace of V w ith an y eig enspace of D a re 

zero- dimensional                   ;  c is GENERALLY ANISOTROPIC 

any in t er sect ion of an y eig enspace of V w ith an y eig enspace of D 

is one- dimensional

eigenspaces of V and D have in common only single one-
dimensional space,       ,                                 
c is Òat mostÓ MONOCLINIC

all eig enspaces of V and D are common

c is Òat mostÓ ORTHOTROPIC

12

{ e3} lin

⇒GV ∩GD = I

! Gc " GV # GD = { I ,$ Me3}

⇒Gc⊂GV ∩GD = {I ,−Me1,−Me2,−Me3}



int er sect ion of an eig enspace of V w ith an eig enspace of D 

is tw o- dimensional ; hence, the re is a c ommon one- dimensional 
eigenspace,       , 
- He r manÕs theorem    the f ollowing possibilit ies:                           

             
c is Òat mostÓ TRANSVERSELY ISOTROPIC

                                                  
c is Òat mostÓ TETRAGONAL

c is Òat mostÓ TRIGONAL

c is Òat mostÓ ORTHOTROPIC

{ e3} lin

!

Gc ! SO(2)

13

Gc ! { I ,R± 2! /3,e3, " Mu" , " # { 1,2,3}}

Gc ! { I ,R± ! /2,e3,R± ! ,e3, " Mu" , " # { 1,2,3,4}}

Gc ! { I ,R! ,e3, " Me1, " Me2}

! Gc " GV # GD = { A $ SO(3) | Ae3 = e3} = SO(2)



int er sect ion of the eig enspaces of V an d D is thr ee-

dimensional

c is Òat mostÓ CUBIC 

c is Òat mostÓ ISO TROPIC

Gc ! { A " SO(3) | A(ei) = ± ej}

Gc ! SO(3)
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! Gc " GV # GD = SO(3)

There are eight p ossible mater ial-symmetr y c lasses



Eight p ossible mater ial-symmetr y c lasses
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I sotr opic

Cubic

Tetr agonal

TI

Tr igonal

Monoclinic
Orthotr opic

Anisotr opic



Eigenspaces of c

We deÞne the eig enspaces of c by

A is a sym metr y of c i f an d only i f i t p reser ves all the 
eigenspaces of c.

ci jklεkl = λεi j

Eigentensor    is de scr ibed by i ts eig envalues and 
cor responding eigenvect ors.
Since any     is a lso an eigenvect or an d eigenvalues of    
are mult iples of eig envalues of  , we s tu dy   : quo t ients of  
eigenvalues, which are invar iant.

a!
!

16

!

!

a!



Group act ion

We need t o deÞne the a ct ion of        o n     suc h 
that i t p reser ves the a ct ion of        o n   .R3

R6SO(3)
SO(3)

! (A)(F("#)) = F
!
A"#AT"

equivalentl y:





A2
11 A2

12 A2
13

!
2A12A13

!
2A11A13

!
2A11A12

A2
21 A2

22 A2
23

!
2A22A23

!
2A21A23

!
2A21A22

A2
31 A2

32 A2
33

!
2A32A33

!
2A31A33

!
2A31A32!

2A21A31
!

2A22A32
!

2A23A33 A22A33+A23A32 A21A33+A23A31 A21A32+A22A31!
2A11A31

!
2A12A32

!
2A13A33 A12A33+A13A32 A11A33+A13A31 A11A32+A12A31!

2A11A21
!

2A12A22
!

2A13A23 A12A23+A13A22 A11A23+A13A21 A11A22+A12A21




! (A) =

17

! ×F F

SO(6) ! R6 φ
" # R6

SO(3) ! L2,s(R3)
ϕ

" # L2,s(R3)

Chapman, C. (2004) Fundamentals of seismic wave propagat ion: Cambridge, pp. 90 - 9 3



Example 
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C = 1010

!

"
"
"
"
"
"
#

2.009 0.636 0.609 0.136 ! 0.009! 0.052
0.636 2.535 0.360 ! 0.067 0.128 ! 0.593
0.609 0.360 2.516 ! 0.295! 0.512 0.305
0.136 ! 0.067! 0.295 1.756 0.192 ! 0.097

! 0.009 0.128 ! 0.512 0.192 1.977 0.032
! 0.052! 0.593 0.305 ! 0.097 0.032 2.077

$

%
%
%
%
%
%
&

Nm! 2

! 1 = 3.513, ! 2 = 2.067, ! 3 = 2.930, ! 4 = 1.760, ! 5 = 1.300, ! 6 = 1.300

a1

!

"
"
"
"
"
"
#

! 0.489
! 0.604
! 0.585
0.093
0.162
0.140

$

%
%
%
%
%
%
&

T

,a2

!

"
"
"
"
"
"
#

! 0.416
0.029

! 0.045
! 0.363
! 0.629
! 0.545

$

%
%
%
%
%
%
&

T

,a3

!

"
"
"
"
"
"
#

! 0.440
! 0.486
! 0.530
0.216
0.375

! 0.541

$

%
%
%
%
%
%
&

T

,a4

!

"
"
"
"
"
"
#

0.306
! 0.306

0
0.750

! 0.433
! 0.250

$

%
%
%
%
%
%
&

T

,a5

!

"
"
"
"
"
"
#

! 0.100
0.501

! 0.401
0.163

! 0.472
0.573

$

%
%
%
%
%
%
&

T

,a6

!

"
"
"
"
"
"
#

0.694
! 0.231
! 0.463
! 0.472
! 0.164

0

$

%
%
%
%
%
%
&

T



! 1 = a1

!

"
! 0.489 0.099 0.114
0.099 ! 0.604 0.066
0.114 0.066 ! 0.585

#

$

! 4 = a4




0.306 ! 0.177! 0.306

! 0.177! 0.306 0.530
! 0.306 0.530 0





Σ5 = a5

!

"
! 0.1000.405! 0.334
0.405 0.501 0.116

! 0.3340.116! 0.401

#

$

+ a6

!

"
0.694 0 ! 0.116

0 ! 0.231! 0.334
! 0.116! 0.334! 0.463

#

$

−0.661
−0.661
! 0.356

[! 0.433, ! 0.250,0.866]
[0.500, ! 0.866,0]

! 0.707
0.707
0

[0.047, ! 0.789,0.612]
[0.659, ! 0.436, ! 0.612]
[0.750,0.433,0.500]

! 0.707
0.707

0

! 0.707
0.707
0

[0.597, ! 0.272,0.754]
[0.466,0.885,−0.047]
[! 0.655,0.378,0.655]

[0.067,0.573,0.816]
[0.993,0.039,−0.109]
[0.094, ! 0.818,0.567]

! 2 = a2

!

"
! 0.416 ! 0.385 ! 0.445
! 0.385 0.029 ! 0.257
! 0.445 ! 0.257 ! 0.045

#

$

Σ3 = a3

!

"
0.044 ! 0.383 0.265

! 0.383 0.486 0.153
0.265 0.153 ! 0.530

#

$

! 0.935
0.252
0.252

0.707
! 0.707

0

[! 0.750, ! 0.433, ! 0.500]

[! 0.750, ! 0.433, ! 0.500]

[0.008,−0.762,0.648]
[0.661, ! 0.482, ! 0.575]
[0.500, ! 0.866,0]

[0.750,0.433,0.500]
[0.433,0.250, ! 0.866]

! 1 = ! 0.661/ ! 0.356= 1.857



I dent iÞcat ion of t etr agonal c

C has at most Þv e dist inct eig envalues
eigentensors are such tha t

all matr ices in    an d    ha ve tw o  dist inct eig envalues
all matr ices in    an d    ha ve a common one- dimensional 

eigenspace
all matr ices in    an d    ha ve a common zero eigenvalue and 

the c or responding eigenspace is common with the o ne-
dimensional eig enspace of    an d

all matr ices in    ha ve thr ee dist inct eig envalues, the 
cor responding eigenvect ors are also eigenvect ors f or matr ices  
in

Such an elast icity t ensor ha s TETRAGONAL symmetr y. The thr ee 
eigenvect ors of a ma tr ix in    de ter mine the na tu ral b asis of c.
 

! 1 ! 2

! 1 ! 2

! 3 ! 4

! 1 ! 2

! 3

! 1

! 3
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! 1 = a1

!

"
! 0.489 0.099 0.114
0.099 ! 0.604 0.066
0.114 0.066 ! 0.585

#

$

! 4 = a4




0.306 ! 0.177! 0.306

! 0.177! 0.306 0.530
! 0.306 0.530 0





Σ5 = a5

!

"
! 0.1000.405! 0.334
0.405 0.501 0.116

! 0.3340.116! 0.401

#

$

+ a6

!

"
0.694 0 ! 0.116

0 ! 0.231! 0.334
! 0.116! 0.334! 0.463

#

$

−0.661
−0.661
! 0.356

[! 0.433, ! 0.250,0.866]
[0.500, ! 0.866,0]

! 0.707
0.707
0

[0.047, ! 0.789,0.612]
[0.659, ! 0.436, ! 0.612]
[0.750,0.433,0.500]

! 0.707
0.707

0

! 0.707
0.707
0

[0.597, ! 0.272,0.754]
[0.466,0.885,−0.047]
[! 0.655,0.378,0.655]

[0.067,0.573,0.816]
[0.993,0.039,−0.109]
[0.094, ! 0.818,0.567]

! 2 = a2

!

"
! 0.416 ! 0.385 ! 0.445
! 0.385 0.029 ! 0.257
! 0.445 ! 0.257 ! 0.045

#

$

Σ3 = a3

!

"
0.044 ! 0.383 0.265

! 0.383 0.486 0.153
0.265 0.153 ! 0.530

#

$

! 0.935
0.252
0.252

0.707
! 0.707

0

[! 0.750, ! 0.433, ! 0.500]

[! 0.750, ! 0.433, ! 0.500]

[0.008,−0.762,0.648]
[0.661, ! 0.482, ! 0.575]
[0.500, ! 0.866,0]

[0.750,0.433,0.500]
[0.433,0.250, ! 0.866]

! 1 = ! 0.661/ ! 0.356= 1.857



C = 1010

!

"
"
"
"
"
"
#

3.13 0.2000.340 0 0 0
0.200 3.13 0.340 0 0 0
0.3400.3402.250 0 0 0

0 0 0 1.300 0 0
0 0 0 0 1.300 0
0 0 0 0 0 1.760

$

%
%
%
%
%
%
&

Nm! 2

tetr agonal medium

A =

!

"
0.500 0.433 0.750

! 0.866 0.250 0.433
0 ! 0.866 0.500

#

$

T
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Relat ions among symmetr y c lasses
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Futu re work

Exper imental e r rors: Distance between the m easured 
parameters and symmetr y c lasses

Anelast icity : Symmetr y c lasses, Amplitu de measurements 
(tr ansport equat ions)
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